Abstract. Taking the ℓ 1 -completion and the topological dual of the singular chain complex gives rise to ℓ 1 -homology and bounded cohomology respectively. In contrast to ℓ 1 -homology, major structural properties of bounded cohomology are well understood by the work of Gromov and Ivanov.
Introduction
Semi-norms on singular homology contain valuable geometric information -the fundamental example of a topological invariant created this way is the simplicial volume of oriented, closed, connected manifolds, which is the ℓ 1 -seminorm of the R-fundamental class. However, singular homology itself is not an adequate algebraic tool for the study of the ℓ 1 -semi-norm. Only by passing to related theories such as bounded cohomology or ℓ 1 -homology the bigger picture becomes visible.
In contrast to ℓ 1 -homology, major structural properties of bounded cohomology are well understood by the work of Gromov [7] and Ivanov [9] . For example, bounded cohomology depends only on the fundamental group of the space in question [7, 9, p. 40, Theorem 4.3] , bounded cohomology cannot see amenable normal subgroups of the fundamental group [7, 9, p. 40, Theorem 4.3] , and bounded cohomology of spaces admits a description in terms of a certain flavor of homological algebra [9] .
Matsumoto and Morita observed that ℓ 1 -homology of a space is trivial if and only if its bounded cohomology is trivial [16, Corollary 2.4 ]. Subsequently, they raised the natural question whether also ℓ 1 -homology depends only on the fundamental group. More generally one can ask how bounded cohomology and ℓ 1 -homology are related and whether there is some kind of duality. In the present article, we investigate to what extent such a duality holds.
A convenient framework for this problem is the language of normed and Banach chain complexes, i.e., chain complexes of (complete) normed vector spaces whose boundary operators are bounded operators. Unlike taking algebraic duals of R-chain complexes, taking topological duals of Banach chain complexes fails to commute with homology (Section 4.1). However, by exploiting the power of mapping cones, we prove in Section 4.2 the following replacement for the universal coefficient theorem: Theorem 1.1 (Translation principle). Let f : C −→ D be a morphism of Banach chain complexes and let f ′ : D ′ −→ C ′ be its dual.
(1) Then the induced homomorphism H * (f ) : H * (C) −→ H * (D) is an isomorphism of vector spaces if and only if
is an isomorphism of vector spaces.
is an isometric isomorphism, then also H * (f ) : H * (C) −→ H * (D) is an isometric isomorphism.
In this article, the main examples for Banach (co)chain complexes are the ℓ 1 -chain complexes and bounded cochain complexes of spaces and of discrete groups respectively: The ℓ 1 -chain complex C ℓ 1 * (X) of a topological space X is the ℓ 1 -completion of the singular chain complex of X with R-coefficients and ℓ 1 -homology of X is defined to be the homology of this chain complex; dually, the bounded cochain complex C * b (X) of X is the topological dual of C ℓ 1 * (X) and bounded cohomology of X is defined to be the cohomology of C * b (X). Similarly, the ℓ 1 -chain complex C ℓ 1 * (G) of a discrete group G is obtained by taking the ℓ 1 -completion of the bar resolution, and the bounded cochain complex of G is the topological dual of C ℓ 1 * (G). Applying the translation principle to suitable chain maps in the realm of ℓ 1 -homology enables us to transfer many results concerning bounded cohomology to ℓ 1 -homology. In particular, this strategy provides a uniform, lightweight approach to the following results: Corollary 1.2 (Isomorphisms in ℓ 1 -homology).
(1) Like bounded cohomology, ℓ 1 -homology of countable, connected CWcomplexes depends only on the fundamental group and amenable normal subgroups of the fundamental group are a blind spot of ℓ 1 -homology (Corollary 5.2).
(2) There is a characterization of amenability of discrete groups through ℓ 1 -homology (Corollary 5.4). (3) There is a description of ℓ 1 -homology of spaces in terms of homological algebra; namely, ℓ 1 -homology of connected, countable CW-complexes coincides with ℓ 1 -homology of the fundamental group, and hence ℓ 1 -homology of such spaces can be computed via certain strong relatively projective resolutions (Corollary 5.7).
Bouarich gave the first proof that ℓ 1 -homology depends only on the fundamental group [2, Corollaire 6] . His proof is based on the observation by Matsumoto and Morita, the fact that bounded cohomology of simply connected spaces vanishes, and an ℓ 1 -version of Brown's theorem. Moreover, Park [20, Corollary 4 .2] already claimed that Corollary 5.2 holds. However, due to a gap in her argument, her proof is not complete. This issue is addressed in Caveats 5.6 and 5.8, which also show that it is not possible to imitate Ivanov's arguments in bounded cohomology in the setting of ℓ 1 -homology. The results listed above might give the impression that ℓ 1 -homology is merely a shadow of bounded cohomology. However, there are also genuine applications of ℓ 1 -homology: For example, the simplicial volume of non-compact manifolds is not finite in general -it can even then be infinite if the manifold in question is the interior of a compact manifold with boundary. In this case, ℓ 1 -homology gives rise to a necessary and sufficient finiteness condition (Theorem 6.4), which cannot be phrased in terms of bounded cohomology.
Organization of this article. In Section 2, we introduce normed and Banach chain complexes. In Section 3, we review the basic definitions of ℓ 1 -homology and bounded cohomology of topological spaces as well as of discrete groups. Duality in the category of normed chain complexes and the proof of the translation principle are the topic of Section 4. In Section 5, we apply the translation principle to ℓ 1 -homology and we derive the consequences listed above. Finally, in Section 6, we demonstrate how to utilize ℓ 1 -homology to study the simplicial volume of non-compact manifolds.
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Homology of normed chain complexes
In this section, we introduce the basic objects of study -normed chain complexes and their homology. The main examples of these concepts are ℓ 1 -homology and bounded cohomology, which are reviewed in Section 3.
2.1. Normed and Banach chain complexes. Normed chain complexes are nothing but chain complexes in the category of normed vector spaces (and bounded operators): Definition 2.1 (Normed chain complexes).
• A normed (co)chain complex is a (co)chain complex (indexed over N) consisting of normed real vector spaces, where all (co)boundary morphisms are bounded linear operators.
• A Banach (co)chain complex is a normed (co)chain complex consisting of Banach spaces.
• A morphism of normed (co)chain complexes is a (co)chain map between normed (co)chain complexes consisting of bounded linear operators.
Fundamental examples of normed chain complexes are the singular chain complex with real coefficients and the bar resolution of a discrete group with real coefficients (Section 3). Definition 2.2 (Normed chain complexes -basic constructions). Let (C, ∂) be a normed chain complex.
• Because the boundary operator ∂ is bounded in each degree, it can be uniquely extended to a bounded boundary operator on the completion C of C. The resulting Banach chain complex, denoted by (C, ∂), is the completion of C.
where · ′ stands for the topological dual vector space, together with the norm given by f ∞ := sup{|f (c)| | c ∈ C n , c = 1} for all f ∈ (C ′ ) n and the coboundary operators
Clearly, if C is a normed chain complex, then C ′ = (C) ′ .
2.2.
The induced semi-norm on homology. The presence of chain complexes calls for the investigation of the corresponding homology. In the case of normed chain complexes, the homology groups carry additional information -the induced semi-norm; for example, the simplicial volume is a topological invariant defined in terms of such a semi-norm (Section 3.1.3).
Definition 2.3 (Semi-norm on homology). Let (C, ∂) be a normed chain complex, and let n ∈ N. The norm · on C n induces a semi-norm on the n-th homology group H n (C) := ker ∂ n / im ∂ n+1 as follows: If α ∈ H n (C), then
In this paper, "im ∂ n+1 " denotes the set-theoretic image of ∂ n+1 . Of course, an analogous definition applies also to normed cochain complexes.
Because the images of the boundary operators of a normed chain complex are not necessarily closed, the induced semi-norm on homology in general is not a norm; this can even happen if the underlying normed (co)chain complex is the bounded cochain complex of a topological space [24, 25] .
Despite of the fact that the homology of a normed chain complex and the homology of the corresponding completion in general are quite different, the semi-norms are related. In fact, in order to understand the semi-norms on the homology of normed chain complexes, it suffices to consider the case of Banach chain complexes, which is shown by approximating boundaries [23, 13 , Lemma 2.9, Proposition 1.7]: Proposition 2.4. Let D be a normed chain complex and let C be a dense subcomplex. Then the map H * (C) −→ H * (D) induced by the inclusion is isometric.
Moreover, one can also compute the induced semi-norm on H * (C) via the semi-norm on H * (C ′ ) (Theorem 4.4).
ℓ 1 -Homology and bounded cohomology
Taking the completion and the topological dual of the singular chain complex with respect to the ℓ 1 -norm gives rise to ℓ 1 -homology and bounded cohomology respectively (Section 3.1). Also the bar resolution of a discrete group admits an ℓ 1 -norm -leading to ℓ 1 -homology and bounded cohomology of discrete groups (Section 3.2). Both constructions can be decorated with equivariant Banach modules, which yields the corresponding theories with (twisted) coefficients (Sections 3.2 and 3.3).
ℓ
1 -Homology and bounded cohomology of spaces. We start with the key example of a normed chain complex: Definition 3.1 (ℓ 1 -Norm on the singular chain complex). Let (X, A) be a pair of topological spaces.
• The ℓ 1 -norm on the singular chain complex C * (X) with real coefficients is defined as follows: For a chain c = k j=0 a j · σ j ∈ C n (X) in reduced form we set
• The induced semi-norm on the quotient C * (X, A) = C * (X)/C * (A) is a norm because the subcomplex C * (A) is ℓ 1 -closed in C * (X); this norm on C * (X, A) is also denoted by · 1 .
The boundary operator ∂ n : C n (X, A) −→ C n−1 (X, A) is a bounded operator with respect to the ℓ 1 -norm of operator norm at most (n + 1). Hence, C * (X, A) is a normed chain complex. Clearly, C * (X) and C * (X, A) are in general not complete and thus these complexes are no Banach chain complexes.
On the other hand, for p ∈ (1, ∞], the singular chain complex equipped with the ℓ p -norm is in general not a normed chain complex in the sense of Definition 2.1 [13, Proposition 2.11].
Definition 3.2 (ℓ 1 -Homology and bounded cohomology of spaces). Let (X, A) be a pair of topological spaces.
• The ℓ 1 -chain complex of (X, A) is the completion C ℓ 1 * (X, A) of the normed chain complex C * (X, A) with respect to · 1 . We abbreviate C
• Then ℓ 1 -homology of (X, A) is defined as
• Dually, the bounded cochain complex of (X, A) is the dual C * b (X, A) of the normed chain complex C * (X, A).
• Bounded cohomology of (X, A) is given by
• The semi-norms on ℓ 1 -homology and bounded cohomology induced by · 1 and · ∞ respectively are also denoted by · 1 and · ∞ .
The inclusion C * (X, A) ֒→ C . However, both ℓ 1 -homology and bounded cohomology do not satisfy excision [3, 17] (infinite chains need not contain only small simplices after a finite number of barycentric subdivisions). This failure of excision is both a curse and a blessing. On the one hand, the lack of excision makes concrete computations via the usual divide and conquer approach significantly harder; on the other hand, it turns out that bounded cohomology and ℓ 1 -homology depend only on the fundamental group and hence can be computed in terms of certain nice resolutions (Corollary 5.2 and Corollary 5.7).
3.1.3. Simplicial volume. An example of valuable geometric information encoded in a semi-norm on homology is the simplicial volume introduced by Gromov [7] . The simplicial volume is a homotopy invariant linked to Riemannian geometry in various ways and can be viewed as a topological approximation of the Riemannian volume [7] . Using self-maps of non-trivial degree one sees that the simplicial volume of spheres and tori is zero. On the other hand, straightening simplices to geodesic simplices shows that the simplicial volume of closed hyperbolic manifolds is non-zero [27, 8] .
However, it is in general very difficult to compute the simplicial volume by geometric means. In view of Proposition 2.4 and Theorem 4.4 below and the comparison maps, it is possible to use ℓ 1 -homology and bounded cohomology to compute the simplicial volume. For example, this approach shows that the simplicial volume of all manifolds with amenable fundamental group is zero. Conversely, we can deduce that ℓ 1 -homology and bounded cohomology of closed hyperbolic manifolds are non-trivial.
1 -Homology and bounded cohomology of discrete groups. For a discrete group G, we write C * (G) for the corresponding bar resolution with real coefficients; more explicitly, C n (G) is the free RG-module with basis ([g 1 | . . . |g n ]) g∈G n , and the boundary operator C n (G) −→ C n−1 (G) is the G-linear map determined uniquely by
Definition 3.4 (ℓ 1 -Norm on the bar resolution of discrete groups). Let G be a discrete group, and let n ∈ N.
The group G acts isometrically on C * (G) and C * (G) is a normed chain complex with respect to the ℓ 1 -norm; in particular, we obtain the corresponding completions and topological duals: Definition 3.5 (ℓ 1 -chains and bounded cochains of discrete groups). Let G be a discrete group.
• The ℓ 1 -chain complex of G is the completion C ℓ 1 * (G) of the normed chain complex C * (G) with respect to · 1 .
• The bounded cochain complex of G is the dual C * b (G) of the normed chain complex C * (G).
In order to define ℓ 1 -homology and bounded cohomology of discrete groups (with coefficients), we need some terminology from the category of Banach G-modules: A Banach G-module is a Banach space equipped with an isometric (left) G-action. If U and V are two Banach G-modules, then the projective tensor product U ⊗V and the space B(U, V ) of bounded linear functions from U to V are Banach G-modules with respect to the following, diagonal, G-actions:
, and
For a Banach G-module V the set of invariants of V is defined by
the set of coinvariants of V is the quotient V G := V /W , where W ⊂ V is the subspace generated by the set
chain complexes is just a morphism of normed (co)chain complexes that is G-equivariant. Notions such as the invariants etc. have obvious analogues on the level of Banach G-(co)chain complexes.
Now the definition of ℓ 1 -homology and bounded cohomology of discrete groups is a straightforward adaption of the definition of group (co)homology in terms of the bar resolution: Definition 3.6 (ℓ 1 -Homology and bounded cohomology of discrete groups). Let G be a discrete group, and let V be a Banach G-module.
• We write C
• Bounded cohomology of G with coefficients in V , denoted by H * b (G; V ), is the cohomology of the Banach cochain complex C *
, where R is equipped with the trivial G-action. For brevity, we write H 
We have V /U = V G , but in general U is not closed in V and so V /U need not be equal to
3.2.2. Functoriality. Let ϕ : G −→ H be a homomorphism of discrete groups, let V be a Banach G-module and let W be a Banach H-module. Then
of Banach G-chain complexes of norm 1; here, ϕ * ( · ) stands for the Banach G-module structure on the Banach H-module in question that is induced by ϕ. In particular, for any morphism
denote the canonical projection and the inclusion respectively. Then we write
3.2.3. Strong relatively injective/relatively projective resolutions. Both ℓ 1 -homology and bounded cohomology of discrete groups enjoy the same flexibility as ordinary group (co)homology: namely, both theories can be computed by means of relative homological algebra as studied by Brooks, Ivanov, Monod, and Park [3, 9, 18, 20] .
As in the classical case, there is a distinguished class of resolutions -so-called strong relatively projective and strong relatively injective resolutions -and a corresponding fundamental lemma of homological algebra granting existence and uniqueness of certain morphisms of Banach G-chain complexes [13, Appendix A]; for example, the Banach (co)chain complexes C Theorem 3.7. Let G be a discrete group and let V be a Banach G-module.
(1) For any strong relatively projective G-resolution (C, η : C 0 → V ) of V there is a canonical isomorphism (degreewise isomorphism of seminormed vector spaces)
is a strong relatively projective G-resolution of the trivial Banach G-module R, then there are canonical isomorphisms (degreewise isomorphisms of semi-normed vector spaces)
The semi-norms on H Bühler developed a description of ℓ 1 -homology and bounded cohomology as derived functors via exact categories [5] , thereby providing an even more conceptual approach.
1 -Homology and bounded cohomology of spaces with twisted coefficients. Similarly to singular homology and singular cohomology there are also versions of ℓ 1 -homology and bounded cohomology of spaces with twisted coefficients: Definition 3.8 (ℓ 1 -Homology and bounded cohomology with twisted coefficients). Let X be a connected topological space with fundamental group G that admits a universal covering space X, and let V be a Banach G-module.
• The ℓ 1 -chain complex of X with twisted coefficients in V is defined as the Banach chain complex of coinvariants
Here, C ℓ 1 * ( X) inherits the G-action from the action of the fundamental group on the universal covering X.
• The ℓ 1 -homology of X with twisted coefficients in V , which is denoted by H ℓ 1 * (X; V ), is the homology of the Banach chain complex C ℓ 1 * (X; V ).
• The bounded cochain complex of X with twisted coefficients in V is defined as the Banach cochain complex of invariants
The ℓ 1 -chain complex and the bounded cochain complex of X as defined in Definition 3.2 can be recovered from this definition by taking R with the trivial G-action as coefficients [13, Proposition 2.23].
Duality
In this section, we investigate the relation induced by the evaluation map between homology of a normed chain complex and cohomology of its dual cochain complex. Unlike taking algebraic duals of R-chain complexes, taking topological duals of normed chain complexes fails to commute with homology (Section 4.1). Section 4.2 is devoted to the proof of the translation principle (Theorem 1.1), showing that it is still possible to transfer certain information from homology of a Banach chain complex to cohomology of the dual complex and vice versa.
4.1. Linking homology and cohomology. Evaluation links homology of a normed chain complex to cohomology of its dual cochain complex: If C is a normed chain complex and n ∈ N, then the evaluation map C ′n ⊗ C n −→ R induces a linear map
′ , where H denotes reduced (co)homology, i.e., the kernel modulo the closure of the image of the (co)boundary operator.
Taking the algebraic dual is compatible with taking homology: For all Rchain complexes C the map H * hom R (C, R) −→ hom R H * (C), R induced by evaluation is an isomorphism by the universal coefficient theorem. However, taking topological duals, even of complete normed chain complexes, fails to commute with taking homology: Remark 4.1. There is no obvious duality isomorphism between homology and cohomology of Banach chain complexes:
Let C be a Banach chain complex. Then we have the following commutative diagram
where the horizontal arrows are the homomorphisms induced by the Kronecker products (i.e., they are induced by evaluation of elements in C ′ on elements in C), the left vertical arrow is the canonical projection and the right vertical arrow is the composition (H * (C))
The lower horizontal morphism, and hence also the diagonal morphism, is surjective by the Hahn-Banach theorem. Moreover, Matsumoto and Morita showed that the diagonal morphism is injective if and only if
Obviously, this is not the case in general. It is even wrong if C = C ℓ 1 * (X) for certain topological spaces X [24, 25] . Hence, there is no obvious duality between ℓ 1 -homology and bounded cohomology. In addition, the lower horizontal arrow is in general not injective: The kernel of the evaluation map Nevertheless, the Kronecker product is strong enough to give sufficient conditions for (co)homology classes to be non-trivial. For example, if α ∈ H * (C) and ϕ ∈ H * (C ′ ) with ϕ, α = 1, then neither α, nor ϕ can be zero. This effect can be used to show that ℓ 1 -homology and bounded cohomology of certain surface groups are non-trivial [17] . Here, the " * " carries the meaning "All of the H n (C) are zero if and only if all of the H n (C ′ ) are zero." The key to lifting this duality principle to morphisms of Banach chain complexes is to apply the duality principle to the mapping cone of the morphism in question. 
and ϕ, α = 1 holds for each α ∈ H n (C); here, sup ∅ := 0.
However, the semi-norm on cohomology of the dual can in general not be computed in terms of the semi-norm on homology, because it can happen that the reduced homology H * (C) is zero while H * (C ′ ) is non-zero (cf. Remark 4.1).
Mapping cones.
For the sake of completeness, we recall the definition of mapping cones of morphisms of Banach chain complexes: Definition 4.5 (Mapping cones).
• Let f : (C,
be a morphism of normed chain complexes. Then the mapping cone of f , denoted by Cone(f ), is the normed chain complex defined by
linked by the boundary operator that is given by the matrix
• Dually, if f : (D, δ D ) −→ (C, δ C ) is a morphism of normed cochain complexes, then the mapping cone of f , also denoted by Cone(f ), is the normed cochain complex defined by
with the coboundary operator determined by the matrix 
In the first case, we equip the mapping cone with the direct sum of the norms, in the second case, we use the maximum norm.
4.2.3.
Proof of the translation principle. To prove the translation principle we just need to assemble the pieces collected in the previous paragraphs in the right way:
Proof (of Theorem 1.1). The first part follows by fusing properties of mapping cones with the duality principle: The induced homomorphism H * (f ) is an isomorphism if and only if H * (Cone(f )) = 0. In view of the duality principle and the compatibility of mapping cones with taking the topological dual, this is equivalent to
the duality principle is indeed applicable because the cone of a morphism of Banach chain complexes is a Banach chain complex. On the other hand, the H * −1 (Cone(−f ′ )) are all zero if and only if
, and therefore the first part is shown.
For the second part, it remains to prove that H * (f ) is isometric whenever
is an isometric isomorphism. Let n ∈ N and let α ∈ H n (C). Using the duality principle for semi-norms twice, we obtain
as desired. Let C = D be a Banach chain complex concentrated in degrees 0 and 1 that consists of a bounded operator ∂ : C 1 −→ C 0 that is not surjective but has dense image (e.g., the inclusion ℓ 1 ֒→ c 0 ). In particular, the seminorm on H * (C) = H * (D) is zero. The morphism f : C −→ D given by multiplication by a constant c ∈ R \ {−1, 0, 1} induces an isometric isomorphism
On the other hand, the coboundary operator ∂ ′ : In this section, we apply the translation mechanism established in the previous section to ℓ 1 -homology, thereby gaining a uniform, lightweight approach to proving that ℓ 1 -homology depends only on the fundamental group (Section 5.1), that ℓ 1 -homology cannot see amenable, normal subgroups (Section 5.1 and 5.2) and that ℓ 1 -homology of spaces can be computed in terms of certain projective resolutions (Section 5.3).
Isomorphisms in ℓ
1 -homology of spaces. We start with the simplest applications of this type, concerning ℓ 1 -homology of spaces with R-coefficients:
be a continuous map of pairs of topological spaces.
) is an isomorphism if and only if H
is also an isometric isomorphism. and inf f (a) a ∈ A ≤ m(f ) ≤ sup f (a) a ∈ A for all f ∈ B(A, R) and all a ∈ A. For instance, all finite and all Abelian groups are amenable. Moreover, the class of amenable groups is closed under taking subgroups and quotients. An example of a non-amenable group is the free group Z * Z. A detailed discussion of amenability can be found in Paterson's book [21] .
Corollary 5.2 (Mapping theorem for ℓ
1 -homology). Let f : X −→ Y be a continuous map between connected, countable CW-complexes such that the induced map π 1 (f ) : π 1 (X) −→ π 1 (Y ) is surjective and has amenable kernel. Then the induced homomorphism
Proof. It is a classical result in the theory of bounded cohomology that in this situation H * Applying the mapping theorem to the classifying map X −→ Bπ 1 (X) shows in particular that the ℓ 1 -homology of a connected, countable CW-complex X depends only on the fundamental group.
Isomorphisms in ℓ
1 -homology of discrete groups. For ℓ 1 -homology of discrete groups the translation principle takes the following form:
Corollary 5.3. Let ϕ : G −→ H be a homomorphism of discrete groups, let V be a Banach G-module, let W be a Banach H-module and suppose that f : V −→ ϕ * W is a morphism of Banach G-modules.
(1) Then the homomorphism H
Proof. By definition, we have
G denotes the inclusion. A straightforward calculation shows that the diagram in Figure 1 is a commutative diagram of morphisms of Banach cochain complexes, where all horizontal morphisms are isometric isomorphisms. Thus, applying the translation principle (Theorem 1.1) to the morphism p • C ℓ 1 * (ϕ; f ) G of Banach chain complexes proves the first two parts of the corollary. The third part follows because (V G ) ′ and (V ′ ) G are isometrically isomorphic.
An interesting consequence of the third statement is that it provides a characterization of amenable groups:
Corollary 5.4. For a discrete group G the following are equivalent:
(1) The group G is amenable.
(2) For all Banach G-modules V , the ℓ 1 -homology H ℓ 1 * (G; V ) of G with coefficients in V is trivial, i.e., H Figure 1 . Linking ℓ 1 -homology and bounded cohomology of discrete groups (proof of Corollary 5.3) Proof. Amenable groups can be characterized by the vanishing of bounded cohomology with arbitrary (dual) coefficients in non-zero degree [10, 19] . Therefore, the claim follows with help of Corollary 5.3 and Section 3.2.1.
Like ℓ 1 -homology of spaces, also ℓ 1 -homology of discrete groups cannot see amenable, normal subgroups:
Corollary 5.5. Let G be a discrete group, let A ⊂ G be an amenable, normal subgroup, and let V be a Banach G-module. Then the projection G −→ G/A induces an isometric isomorphism
is an isometric isomorphism [19, 18, In fact, C ℓ 1 n (G/A) in general is not a relatively projective G-module as the following example shows: Let G be an infinite amenable group (e.g., G = Z) and A := G. Then the G-action on G/A = 1 is trivial. However, since G is infinite, the G-modules C ℓ 1 n (G) do not contain any non-zero G-invariant elements. Therefore, any G-morphism of type C
n (G) must be trivial. We now consider the mapping problem
with the G-morphism π given by g 0 · [g 1 | . . . |g n ] −→ 1, which obviously admits a (non-equivariant) split of norm 1; i.e., the morphism π is relatively projective. The argument above shows that this mapping problem cannot have a solution, and hence that C 
ℓ
1 -Homology via projective resolutions. Ivanov proved that bounded cohomology of a topological space with R-coefficients can be computed in terms of strong relatively injective resolutions [9] . The translation principle allows us to deduce that ℓ 1 -homology of spaces also admits such a description in terms of homological algebra:
Corollary 5.7. Let X be a countable, connected CW-complex with fundamental group G and let V be a Banach G-module.
(1) There is a canonical isometric isomorphism
If C is a strong relatively projective resolution of V , then there is a canonical isomorphism (degreewise isomorphism of semi-normed vector spaces) H
If C is a strong relatively projective resolution of the trivial Banach G-module R, then there is a canonical isomorphism (degreewise isomorphism of semi-normed vector spaces) The proof that the resolution C * b ( X) is strong relies heavily on the fact that certain chain maps are split injective. However, for the same reasons as explained in Caveat 5.6, it is not possible to translate these arguments into the language of ℓ 1 -chain complexes. Hence, it seems impossible to prove that the chain complex C -theoretic) fundamental domain of the G-action on X. In the following, the vertices of the standard n-simplex ∆ n are denoted by v 0 , . . . , v n . For a singular simplex σ ∈ map(∆ n , X) let g 0 (σ), . . . , g n (σ) ∈ G be the group elements defined inductively by the requirement that
for all j ∈ {0, . . . , n}. Then the map η :
and hence also
We verify now that a different choice of fundamental domain F * ⊂ X leads to a map chain homotopic to (η V ) G : By the fundamental lemma of homological algebra in the context of Banach G-modules [13, Proposition A.7] , there is up to G-homotopy only one G-morphism C . But η and η * , the map obtained via F * , are such G-morphisms and hence are G-homotopic. Therefore, also η ⊗ id V and η * V := η * ⊗ id V must be G-homotopic, which implies that the induced maps (η V ) G and (η *
does not depend on the choice of fundamental domain.
Second step. The dual of the G-morphism η V coincides under the natural isometric isomorphisms (C
In other words, the diagram in Figure 2(a) is commutative. Taking G-invariants of this diagram yields the commutative diagram of morphisms of Banach cochain complexes depicted in Figure 2 (b). The restriction (ϑ V ′ ) G to the subcomplexes of G-invariants induces an isometric isomorphism on the level of cohomology [13, Appendix B] . Hence, also the top row of the diagram (i.e, (η V ) G ′ ) must induce an isometric isomorphism on the level of cohomology.
Third step. Therefore, we can derive from the translation principle (The-
isometric isomorphism on the level of homology. This finishes the proof of the first part.
Ad 2. and 3. These statements follow from the first part combined with the corresponding results on ℓ 1 -homology of discrete groups (Theorem 3.7).
For example, using this description of ℓ 1 -homology via projective resolutions, one can construct a "straightening" on the ℓ 1 -chain complex of countable, connected CW-complexes [13, Section 4.4], generalizing the classical straightening of Thurston [27, p. 6.3] in the presence of non-positive curvature. An important aspect of this generalized straightening is that it allows to get control of the semi-norm in measure homology [13, Appendix D] , thereby obtaining homological (and hence a bit more transparent) versions of the original proofs [26, 12 , Section 4.3, Theorem 1.1 and 1.2] that measure homology and singular homology are isometrically isomorphic.
Simplicial volume of non-compact manifolds
The definition of simplicial volume can be adapted to cover also non-compact manifolds. In this section, we demonstrate how to utilize ℓ 1 -homology and the results established in Section 5 to study the simplicial volume of non-compact manifolds: We first express the simplicial volume of non-compact manifolds in terms of ℓ 1 -homology (Section 6.1). In Section 6.2, we present a finiteness criterion for the simplicial volume of non-compact manifolds. Applications of this finiteness criterion are discussed in Section 6.3. 6.1. Simplicial volume -the non-compact case. The ℓ 1 -norm on the singular chain complex admits an obvious extension to the chain complex of locally finite chains (notice however, that there are locally finite chains with infinite ℓ 1 -norm). In particular, there is also a notion of simplicial volume for non-compact manifolds: Definition 6.1 (Simplicial volume of non-compact manifolds). Let M be an oriented, connected (possibly non-compact) n-manifold without boundary. Then the simplicial volume of M is defined by
By definition, the simplicial volume of non-compact manifolds is invariant under proper homotopy equivalences. We now provide a description of the simplicial volume for not necessarily compact manifolds in terms of ℓ 1 -homology: (
Proof. The second part is an immediate corollary of the first one. We now prove the first part: Let j :
of inclusions of normed chain complexes shows that the middle complex is a dense subcomplex of the (Proposition 2.4) . This yields the desired description of M .
For example, if M is an oriented, connected manifold (of non-zero dimension) without boundary and amenable fundamental group, then M ∈ {0, ∞}.
Using the duality principle for semi-norms one also obtains a corresponding result expressing the simplicial volume of non-compact manifolds via bounded cohomology; however, this description is not as convenient as the one in terms of ℓ 1 -homology.
6.2. A finiteness criterion. In general, the simplicial volume of non-compact manifolds is not finite -it can even then be infinite if the manifold in question is the interior of a compact manifold with boundary. In this case, ℓ 1 -homology gives a necessary and sufficient finiteness condition: Theorem 6.4 (Finiteness criterion). Let (W, ∂W ) be an oriented, compact n-manifold with boundary ∂W . Then the following are equivalent:
(1) The simplicial volume of the interior W • is finite. (2) The manifold ∂W is ℓ 1 -invisible, i.e.,
n−1 (∂W ). In particular, by combining this finiteness criterion with Proposition 2.4, we obtain Gromov's necessary condition [7, p. 17] : If W
• < ∞, then ∂W = 0. Notice that in contrast to Gromov's estimate of the simplicial volume by the minimal volume [7, p. 12, p. 73] , the finiteness criterion is purely topological and can be proved by elementary means.
While it is clear that every ℓ 1 -invisible manifold has vanishing simplicial volume by Proposition 2.4, it is an open problem whether every oriented, closed, connected manifold with vanishing simplicial volume is already ℓ 1 -invisible. Because the evaluation map linking bounded cohomology and ℓ 1 -homology is continuous, bounded cohomology can detect only whether the semi-norm of a given class in ℓ 1 -homology is zero, but not if the class itself is zero. Therefore, the finiteness criterion as stated above cannot be phrased in terms of bounded cohomology.
Proof (of Theorem 6.4). The theorem trivially holds if the boundary ∂W is empty; therefore, we assume for the rest of the proof that ∂W = ∅. The homeomorphism [4, 6] 
shows that we can look at the notationally more convenient manifold M instead of W • .
1 ⇒ 2 Suppose that the simplicial volume W • = M is finite. In other words, there is a locally finite fundamental cycle c = j∈N a j · σ j ∈ C Figure 3 .
Because c is locally finite, there exists a t ∈ (0, ∞) such that the restriction c| Zt ∈ C lf n (M ) of c to Z t does not meet W ; by definition, c| Zt = j∈Jt a j · σ j , where J t := {j ∈ N | im σ j ∩ Z t = ∅}. It is not difficult to see that the chain C lf n (p t )(c| Zt ) is a relative fundamental cycle of (Z t , ∂W ×{t}) and hence that z t := ∂(C n (p t )(c| Zt )) is a fundamental cycle of ∂W × {t}. On the other hand, c 1 is finite, so
By construction, ∂b t = z t , which proves that ∂W × {t} is ℓ 1 -invisible. Hence, ∂W is also ℓ 1 -invisible. 2 ⇒ 1 Conversely, suppose that part 2 is satisfied, i.e., that ∂W is ℓ 1 -invisible. Therefore, there is an ℓ 1 -chain b ∈ C ℓ 1 n (∂W ) whose boundary z := −∂b is a fundamental cycle of ∂W . Adding the boundaries of the partial sums (
Moreover, lim k→∞ z k 1 = 0. Thus, by choosing a suitable subsequence of (z k ) k∈N we can even find two such sequences such that additionally k∈N z k 1 < ∞ holds [13, Proposition 6.4] . Now the idea is -similarly to Gromov's argument in a special case [7, p. 8] -to take a relative fundamental cycle Figure 4 . The proof of "2 ⇒ 1" of the finiteness criterion of (W, ∂W ) and to glue the (b k ) k∈N to its boundary. To ensure that the resulting chain is locally finite, we spread out the chain k∈N b k over the cylinder ∂W × [0, ∞): More precisely, let c ∈ C n (W ) be a relative fundamental cycle of the manifold (W, ∂W ) with boundary. Then ∂c ∈ C n−1 (∂W ) is a fundamental cycle of the oriented, compact manifold ∂W . Of course, we may assume that ∂c = z 0 .
The spreading out of (b k ) k∈N is achieved by using the following chains: For any cycle z ∈ C n−1 (∂W ) and k ∈ N we can find a chain
For example, such a chain b(z, k) can be constructed by looking at the canonical triangulation of ∆ n−1 × [0, 1] into n-simplices. We set (see also Figure 4 )
and c := c + b. Because all b k and all b(z k+1 , k) are finite, the stretched chain b is a well-defined locally finite n-chain of M . Therefore, also c is in C lf n (M ). By construction, c is a cycle and c| W • = c| W • ; hence, c is a locally finite fundamental cycle of M . Furthermore, c 1 ≤ c 1 + b 1 , which shows that M < ∞.
6.3. Applications. Before discussing applications of the finiteness criterion (Theorem 6.4), we first have a tour through the zoo of ℓ 1 -invisible manifolds:
Example 6.5 (ℓ 1 -Invisibility).
• Vanishing ℓ 1 -homology. By definition, any oriented, closed n-mani-
In particular, manifolds with amenable fundamental group are ℓ 1 -invisible.
• Vanishing bounded cohomology. Moreover, any oriented, closed n-man-
is ℓ 1 -invisible; this follows from the fact that such manifolds satisfy the so-called uniform boundary condition in degree n [16, 13, Theorem 2.8, Proposition 6.8]. However, not all ℓ 1 -invisible n-manifolds satisfy the uniform boundary condition in degree n [13, Example 6.9].
• Functoriality. Clearly, if M −→ N is a continuous map of non-zero degree between oriented, closed manifolds of the same dimension and if M is ℓ 1 -invisible, then so is N . Similarly, if the oriented, closed, connected n-manifold M admits a self-map f with | deg(f )| ≥ 2, then M is ℓ 1 -invisible: Let z ∈ C n (M ) be a fundamental cycle of M and let b ∈ C n+1 (M ) be a chain with
• Products. If M and N are oriented, closed, connected manifolds, and if M is ℓ 1 -invisible, then using the ℓ 1 -version of the homological cross product on singular chains shows that also the product M × N is ℓ 1 -invisible.
• Gluings. Let M and N be oriented, closed, connected, ℓ 1 -invisible manifolds of the same dimension at least 3. Then the connected sum M #N is also ℓ On the other hand, the pinching map f : M # N −→ M ∨ N induces an isomorphism on the level of fundamental groups and hence induces an isomorphism in ℓ 1 -homology (Corollary 5.2). Therefore, we can read off the commutative diagram in Figure 5 (a) that M # N is ℓ 1 -invisible. More generally, the class of ℓ 1 -invisible manifolds of dimension at least 3 is also closed under amenable gluings [13, Proposition 6.10].
• Fibrations. If p : M −→ B is a fibration of oriented, closed, connected manifolds whose fiber F is also an oriented, closed, connected manifold of non-zero dimension and if π 1 (F ) is amenable, then M is ℓ 1 -invisible: A spectral sequence argument yields dim B ≤ dim M − 1. In particular, H * (p)([M ]) = 0 ∈ H * (B). The long exact sequence of homotopy groups associated with the fibration p shows that π 1 (p) is surjective and that the kernel of π 1 (p) is a homomorphic image of the amenable group π 1 (F ); thus, ker π 1 (p) is amenable [21, Proposition 1.12 and 1.13]. Therefore, H ℓ 1 * (p) is an isometric isomorphism (Corollary 5.2), and we deduce from Figure 5 
(a) (b) Figure 5 . Proof of Example 6.5
• Circle actions. If M is a smooth, oriented, closed manifold admitting a smooth S 1 -action that is either free or has at least one fixed point, then M is ℓ 1 -invisible: In the first case, we can apply the same argument as for fibrations with amenable fibres because π 1 (S 1 ) ∼ = Z is amenable. In the second case, it is known that the map on singular homology induced by the classifying map M −→ Bπ 1 (M ) maps [M ] to 0 [7, 15, For instance, it follows that R n = 0 for all n ∈ N >1 because the sphere S n−1 is ℓ 1 -invisible. On the other hand, the finiteness criterion and S 0 = 2 imply that R = ∞. In particular, the simplicial volume of non-compact manifolds is in general not invariant under homotopy equivalences that are not proper.
Notice that H n = R n = 0 for n ∈ N >1 despite of H n being hyperbolic. On the other hand, for certain classes of non-compact, negatively curved manifolds of finite volume non-vanishing results can be proved by more advanced means [14] . 6.3.2. Non-compact manifolds with finite, non-zero simplicial volume. If M is an oriented, closed, connected manifold with M = 0 of dimension n ≥ 2 (for example, a closed hyperbolic n-manifold), and if N is a non-compact manifold obtained from M by removing a finite number of points, then 0 < N < ∞. This can be seen as follows:
By construction, N is the interior of a compact manifold (N ′ , ∂N ′ ) whose boundary is a disjoint union of (n − 1)-spheres. Because S n−1 is ℓ 1 -invisible, the finiteness criterion (Theorem 6.4) yields N < ∞.
Why is N non-zero? A straightforward computation provides the estimate N ≥ N ′ , ∂N ′ [13, Proposition 5.12] , where N ′ , ∂N ′ is the infimum of the ℓ 1 -norms of all relative fundamental cycles of (N ′ , ∂N ′ ). Using the fact that D n satisfies the uniform boundary condition in degree n − 1 [16, Theorem 2.8] and that H n−1 (D n ) = 0, we find a K ∈ R >0 with the following property: Every relative fundamental cycle z ′ ∈ C n (N ′ ) of (N ′ , ∂N ′ ) can be extended to a fundamental cycle z ∈ C n (M ) of M with 6.3.3. Products. The simplicial volume of products of two manifolds can be estimated from below by the product of the simplicial volume of the factors if one of the factors is compact [7, 13, p. 17f, Theorem C.7] ; however, in the case that the compact factor has vanishing simplicial volume and the other factor has infinite simplicial volume this estimate is inconclusive. In a special case, ℓ 1 -invisibility determines the outcome for such products:
Proposition 6.6. Let M be an oriented, closed, connected n-manifold. Then
Proof. Because M × R is homeomorphic to the interior of the compact manifold M × [0, 1] with boundary M ⊔ M , the finiteness criterion (Theorem 6.4) shows that M × R is finite if and only if M is ℓ 1 -invisible. In the case that M is ℓ 1 -invisible, the proof of the finiteness criterion yields a locally finite chain c ∈ C • For all k ∈ N we have ∂c k ∈ C n (M × {k}) and c k is a relative locally finite fundamental cycle of the cylinder (M × [k, ∞), M × {k}).
• Furthermore, lim k→∞ c k 1 = 0. A related problem is to find an example of two non-compact manifolds whose product has non-zero simplicial volume. Using the finiteness criterion we obtain: Example 6.7. Let (M, ∂M ) be an oriented, compact, connected surface of genus at least 1 with non-empty boundary. Then M
• × R = ∞: By construction, M
• × R is the interior of the compact manifold M × [0, 1] whose boundary is homeomorphic to M # M and hence is an oriented, closed, connected surface of genus at least 2. Because hyperbolic manifolds are not ℓ 1 -invisible, the finiteness criterion shows that M • × R = ∞.
